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Partially Observable Online Prediction Problem

• Online prediction problem 

• For each time step , the agent observes , makes a 
prediction , and sees the actual outcome  

• Suffer a prediction loss  

• Partially observable:  is not sufficient to make accurate predictions 
of , i.e., 
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• Goal: learn a state-update function :
, and a prediction function :  

• RNN minimizes the objective, for some start state : 

• where  is a prediction loss function
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• RNNs are typically trained using Truncated Backpropagation-
through-time (T-BPTT) or approximations to Real-Time Recurrent 
Learning (RTRL) 

• T-BPTT is not robust to long-term dependencies 

• RTRL has high computational complexity per step (not practical) 

• We investigate an alternative direction for optimizing RNNs, that does 
not attempt to estimate long gradients back-in-time.

Stability and Computational Issues  
in Training RNNs Online



The Fixed Point Objective:  
Breaking Dependencies with Explicit State Variables

• Define , . 

• Define  

• A constrained minimization with an auxiliary variable :

 

• Reformulate into an unconstrained objective:

S ≐ [s0, …, sn] O ≐ [o0, …, on]

FW(S, O) ≐ [S:,0, fW(S:,0, O:,1), …, fW(S:,n−1, O:,n)]
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a solution  is a fixed point of the system defined by S FW( ⋅ , O)

quadratic penalty

apply state-update operation once

Lagrange multiplier



T-step Fixed Point Objective
• We can generalize the one step of propagation, simply by generalizing 

the fixed-point operator. Consider the more general T-step operator: 

• We minimize the T-step objective:
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apply state-update operation T times 



Optimizing the New Objective:  
Fixed Point Propagation
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W
<latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit>

W
<latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit>

W
<latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit>

W
<latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit><latexit sha1_base64="z1C4KsFeDu+lbljZ7O0z021Qn+U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hdnEvG5BLx4jmGwgWcLsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo67KkokZR0aiUj2PKKY4CHraK4F68WSkcATzPGm15nv3DOpeBTe6VnM3ICMQ+5zSrSRnHTg+ciZDwtFXMK1arOCES5VsV1vNg3BuNaolJFtSIYirNAeFt4Ho4gmAQs1FUSpvo1j7aZEak4Fm+cHiWIxoVMyZn1DQxIw5aaLc+fo3Cgj5EfSVKjRQv0+kZJAqVngmc6A6In67WXiX14/0X7DTXkYJ5qFdLnITwTSEcp+RyMuGdViZgihkptbEZ0QSag2CeVNCF+fov9Jt1yyccm+vSy2rlZx5OAUzuACbKhDC26gDR2gMIUHeIJnK7YerRfrddm6Zq1mTuAHrLdPZo2PnA==</latexit>

si�T
<latexit sha1_base64="SllGhazcEiH99cVgkCasQw1vJE0=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4ccgMrba7ohuXFfqCdiiZNNOGZjJjkimUYb7DjQtF3Pox7vwb04egogcuHM65l3vv8WPOlEbow8qtrW9sbuW3Czu7e/sHxcOjtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yc3c70ypVCwSTT2LqRfikWABI1gbyUv7fgBVNkjZRTMbFEvIRm61UnYhst0Kqjk1QyrIqV2WoWOjBUpghcag+N4fRiQJqdCEY6V6Doq1l2KpGeE0K/QTRWNMJnhEe4YKHFLlpYujM3hmlCEMImlKaLhQv0+kOFRqFvqmM8R6rH57c/Evr5fooOqlTMSJpoIsFwUJhzqC8wTgkElKNJ8Zgolk5lZIxlhiok1OBRPC16fwf9J2bQfZzl25VL9exZEHJ+AUnAMHXIE6uAUN0AIE3IMH8ASeran1aL1Yr8vWnLWaOQY/YL19Au2okjQ=</latexit><latexit sha1_base64="SllGhazcEiH99cVgkCasQw1vJE0=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4ccgMrba7ohuXFfqCdiiZNNOGZjJjkimUYb7DjQtF3Pox7vwb04egogcuHM65l3vv8WPOlEbow8qtrW9sbuW3Czu7e/sHxcOjtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yc3c70ypVCwSTT2LqRfikWABI1gbyUv7fgBVNkjZRTMbFEvIRm61UnYhst0Kqjk1QyrIqV2WoWOjBUpghcag+N4fRiQJqdCEY6V6Doq1l2KpGeE0K/QTRWNMJnhEe4YKHFLlpYujM3hmlCEMImlKaLhQv0+kOFRqFvqmM8R6rH57c/Evr5fooOqlTMSJpoIsFwUJhzqC8wTgkElKNJ8Zgolk5lZIxlhiok1OBRPC16fwf9J2bQfZzl25VL9exZEHJ+AUnAMHXIE6uAUN0AIE3IMH8ASeran1aL1Yr8vWnLWaOQY/YL19Au2okjQ=</latexit><latexit sha1_base64="SllGhazcEiH99cVgkCasQw1vJE0=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4ccgMrba7ohuXFfqCdiiZNNOGZjJjkimUYb7DjQtF3Pox7vwb04egogcuHM65l3vv8WPOlEbow8qtrW9sbuW3Czu7e/sHxcOjtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yc3c70ypVCwSTT2LqRfikWABI1gbyUv7fgBVNkjZRTMbFEvIRm61UnYhst0Kqjk1QyrIqV2WoWOjBUpghcag+N4fRiQJqdCEY6V6Doq1l2KpGeE0K/QTRWNMJnhEe4YKHFLlpYujM3hmlCEMImlKaLhQv0+kOFRqFvqmM8R6rH57c/Evr5fooOqlTMSJpoIsFwUJhzqC8wTgkElKNJ8Zgolk5lZIxlhiok1OBRPC16fwf9J2bQfZzl25VL9exZEHJ+AUnAMHXIE6uAUN0AIE3IMH8ASeran1aL1Yr8vWnLWaOQY/YL19Au2okjQ=</latexit><latexit sha1_base64="SllGhazcEiH99cVgkCasQw1vJE0=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4ccgMrba7ohuXFfqCdiiZNNOGZjJjkimUYb7DjQtF3Pox7vwb04egogcuHM65l3vv8WPOlEbow8qtrW9sbuW3Czu7e/sHxcOjtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yc3c70ypVCwSTT2LqRfikWABI1gbyUv7fgBVNkjZRTMbFEvIRm61UnYhst0Kqjk1QyrIqV2WoWOjBUpghcag+N4fRiQJqdCEY6V6Doq1l2KpGeE0K/QTRWNMJnhEe4YKHFLlpYujM3hmlCEMImlKaLhQv0+kOFRqFvqmM8R6rH57c/Evr5fooOqlTMSJpoIsFwUJhzqC8wTgkElKNJ8Zgolk5lZIxlhiok1OBRPC16fwf9J2bQfZzl25VL9exZEHJ+AUnAMHXIE6uAUN0AIE3IMH8ASeran1aL1Yr8vWnLWaOQY/YL19Au2okjQ=</latexit>

ŝi�T+1
<latexit sha1_base64="kONgh2G83gFzddpWkWXYLfTH8Ss=">AAAB/HicbVDLSsNAFJ3UV62vaJduBosgiCURQZdFNy4r9AVNCJPppB06eTBzI4QQf8WNC0Xc+iHu/BunbRbaeuDC4Zx7ufcePxFcgWV9G5W19Y3Nrep2bWd3b//APDzqqTiVlHVpLGI58IligkesCxwEGySSkdAXrO9P72Z+/5FJxeOoA1nC3JCMIx5wSkBLnll3JgRyxw+wKrycX3TO7cIzG1bTmgOvErskDVSi7ZlfziimacgioIIoNbStBNycSOBUsKLmpIolhE7JmA01jUjIlJvPjy/wqVZGOIilrgjwXP09kZNQqSz0dWdIYKKWvZn4nzdMIbhxcx4lKbCILhYFqcAQ41kSeMQloyAyTQiVXN+K6YRIQkHnVdMh2Msvr5LeZdO2mvbDVaN1W8ZRRcfoBJ0hG12jFrpHbdRFFGXoGb2iN+PJeDHejY9Fa8UoZ+roD4zPH/cplE4=</latexit><latexit sha1_base64="kONgh2G83gFzddpWkWXYLfTH8Ss=">AAAB/HicbVDLSsNAFJ3UV62vaJduBosgiCURQZdFNy4r9AVNCJPppB06eTBzI4QQf8WNC0Xc+iHu/BunbRbaeuDC4Zx7ufcePxFcgWV9G5W19Y3Nrep2bWd3b//APDzqqTiVlHVpLGI58IligkesCxwEGySSkdAXrO9P72Z+/5FJxeOoA1nC3JCMIx5wSkBLnll3JgRyxw+wKrycX3TO7cIzG1bTmgOvErskDVSi7ZlfziimacgioIIoNbStBNycSOBUsKLmpIolhE7JmA01jUjIlJvPjy/wqVZGOIilrgjwXP09kZNQqSz0dWdIYKKWvZn4nzdMIbhxcx4lKbCILhYFqcAQ41kSeMQloyAyTQiVXN+K6YRIQkHnVdMh2Msvr5LeZdO2mvbDVaN1W8ZRRcfoBJ0hG12jFrpHbdRFFGXoGb2iN+PJeDHejY9Fa8UoZ+roD4zPH/cplE4=</latexit><latexit sha1_base64="kONgh2G83gFzddpWkWXYLfTH8Ss=">AAAB/HicbVDLSsNAFJ3UV62vaJduBosgiCURQZdFNy4r9AVNCJPppB06eTBzI4QQf8WNC0Xc+iHu/BunbRbaeuDC4Zx7ufcePxFcgWV9G5W19Y3Nrep2bWd3b//APDzqqTiVlHVpLGI58IligkesCxwEGySSkdAXrO9P72Z+/5FJxeOoA1nC3JCMIx5wSkBLnll3JgRyxw+wKrycX3TO7cIzG1bTmgOvErskDVSi7ZlfziimacgioIIoNbStBNycSOBUsKLmpIolhE7JmA01jUjIlJvPjy/wqVZGOIilrgjwXP09kZNQqSz0dWdIYKKWvZn4nzdMIbhxcx4lKbCILhYFqcAQ41kSeMQloyAyTQiVXN+K6YRIQkHnVdMh2Msvr5LeZdO2mvbDVaN1W8ZRRcfoBJ0hG12jFrpHbdRFFGXoGb2iN+PJeDHejY9Fa8UoZ+roD4zPH/cplE4=</latexit><latexit sha1_base64="kONgh2G83gFzddpWkWXYLfTH8Ss=">AAAB/HicbVDLSsNAFJ3UV62vaJduBosgiCURQZdFNy4r9AVNCJPppB06eTBzI4QQf8WNC0Xc+iHu/BunbRbaeuDC4Zx7ufcePxFcgWV9G5W19Y3Nrep2bWd3b//APDzqqTiVlHVpLGI58IligkesCxwEGySSkdAXrO9P72Z+/5FJxeOoA1nC3JCMIx5wSkBLnll3JgRyxw+wKrycX3TO7cIzG1bTmgOvErskDVSi7ZlfziimacgioIIoNbStBNycSOBUsKLmpIolhE7JmA01jUjIlJvPjy/wqVZGOIilrgjwXP09kZNQqSz0dWdIYKKWvZn4nzdMIbhxcx4lKbCILhYFqcAQ41kSeMQloyAyTQiVXN+K6YRIQkHnVdMh2Msvr5LeZdO2mvbDVaN1W8ZRRcfoBJ0hG12jFrpHbdRFFGXoGb2iN+PJeDHejY9Fa8UoZ+roD4zPH/cplE4=</latexit>

ŝi�T+2
<latexit sha1_base64="zLQTHTkssIKrXNu8QJqelkGMb3A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIYkmKoMuiG5cV+oImhMl00g6dPJiZCCHEX3HjQhG3fog7/8Zpm4W2HrhwOOde7r3HTziTyrK+jbX1jc2t7cpOdXdv/+DQPDruyTgVhHZJzGMx8LGknEW0q5jidJAIikOf074/vZv5/UcqJIujjsoS6oZ4HLGAEay05Jk1Z4JV7vgBkoWXs8vORbPwzLrVsOZAq8QuSR1KtD3zyxnFJA1ppAjHUg5tK1FujoVihNOi6qSSJphM8ZgONY1wSKWbz48v0JlWRiiIha5Iobn6eyLHoZRZ6OvOEKuJXPZm4n/eMFXBjZuzKEkVjchiUZBypGI0SwKNmKBE8UwTTATTtyIywQITpfOq6hDs5ZdXSa/ZsK2G/XBVb92WcVTgBE7hHGy4hhbcQxu6QCCDZ3iFN+PJeDHejY9F65pRztTgD4zPH/iulE8=</latexit><latexit sha1_base64="zLQTHTkssIKrXNu8QJqelkGMb3A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIYkmKoMuiG5cV+oImhMl00g6dPJiZCCHEX3HjQhG3fog7/8Zpm4W2HrhwOOde7r3HTziTyrK+jbX1jc2t7cpOdXdv/+DQPDruyTgVhHZJzGMx8LGknEW0q5jidJAIikOf074/vZv5/UcqJIujjsoS6oZ4HLGAEay05Jk1Z4JV7vgBkoWXs8vORbPwzLrVsOZAq8QuSR1KtD3zyxnFJA1ppAjHUg5tK1FujoVihNOi6qSSJphM8ZgONY1wSKWbz48v0JlWRiiIha5Iobn6eyLHoZRZ6OvOEKuJXPZm4n/eMFXBjZuzKEkVjchiUZBypGI0SwKNmKBE8UwTTATTtyIywQITpfOq6hDs5ZdXSa/ZsK2G/XBVb92WcVTgBE7hHGy4hhbcQxu6QCCDZ3iFN+PJeDHejY9F65pRztTgD4zPH/iulE8=</latexit><latexit sha1_base64="zLQTHTkssIKrXNu8QJqelkGMb3A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIYkmKoMuiG5cV+oImhMl00g6dPJiZCCHEX3HjQhG3fog7/8Zpm4W2HrhwOOde7r3HTziTyrK+jbX1jc2t7cpOdXdv/+DQPDruyTgVhHZJzGMx8LGknEW0q5jidJAIikOf074/vZv5/UcqJIujjsoS6oZ4HLGAEay05Jk1Z4JV7vgBkoWXs8vORbPwzLrVsOZAq8QuSR1KtD3zyxnFJA1ppAjHUg5tK1FujoVihNOi6qSSJphM8ZgONY1wSKWbz48v0JlWRiiIha5Iobn6eyLHoZRZ6OvOEKuJXPZm4n/eMFXBjZuzKEkVjchiUZBypGI0SwKNmKBE8UwTTATTtyIywQITpfOq6hDs5ZdXSa/ZsK2G/XBVb92WcVTgBE7hHGy4hhbcQxu6QCCDZ3iFN+PJeDHejY9F65pRztTgD4zPH/iulE8=</latexit><latexit sha1_base64="zLQTHTkssIKrXNu8QJqelkGMb3A=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIYkmKoMuiG5cV+oImhMl00g6dPJiZCCHEX3HjQhG3fog7/8Zpm4W2HrhwOOde7r3HTziTyrK+jbX1jc2t7cpOdXdv/+DQPDruyTgVhHZJzGMx8LGknEW0q5jidJAIikOf074/vZv5/UcqJIujjsoS6oZ4HLGAEay05Jk1Z4JV7vgBkoWXs8vORbPwzLrVsOZAq8QuSR1KtD3zyxnFJA1ppAjHUg5tK1FujoVihNOi6qSSJphM8ZgONY1wSKWbz48v0JlWRiiIha5Iobn6eyLHoZRZ6OvOEKuJXPZm4n/eMFXBjZuzKEkVjchiUZBypGI0SwKNmKBE8UwTTATTtyIywQITpfOq6hDs5ZdXSa/ZsK2G/XBVb92WcVTgBE7hHGy4hhbcQxu6QCCDZ3iFN+PJeDHejY9F65pRztTgD4zPH/iulE8=</latexit>

ŝi�1
<latexit sha1_base64="JSeCsFOtPBBBDhufhN0ziBuHBEw=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwYklE0GPRi8cK9gOaEDbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvTDlT2nG+rZXVtfWNzcpWdXtnd2/frh10VJJJQtsk4YnshVhRzgRta6Y57aWS4jjktBuOb6Z+94FKxRJxrycp9WM8FCxiBGsjBXbNG2Gde2GEVBHk7MwtArvuNJwZ0DJxS1KHEq3A/vIGCcliKjThWKm+66Taz7HUjHBaVL1M0RSTMR7SvqECx1T5+ez0Ap0YZYCiRJoSGs3U3xM5jpWaxKHpjLEeqUVvKv7n9TMdXfk5E2mmqSDzRVHGkU7QNAc0YJISzSeGYCKZuRWREZaYaJNW1YTgLr68TDrnDddpuHcX9eZ1GUcFjuAYTsGFS2jCLbSgDQQe4Rle4c16sl6sd+tj3rpilTOH8AfW5w/flJO7</latexit><latexit sha1_base64="JSeCsFOtPBBBDhufhN0ziBuHBEw=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwYklE0GPRi8cK9gOaEDbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvTDlT2nG+rZXVtfWNzcpWdXtnd2/frh10VJJJQtsk4YnshVhRzgRta6Y57aWS4jjktBuOb6Z+94FKxRJxrycp9WM8FCxiBGsjBXbNG2Gde2GEVBHk7MwtArvuNJwZ0DJxS1KHEq3A/vIGCcliKjThWKm+66Taz7HUjHBaVL1M0RSTMR7SvqECx1T5+ez0Ap0YZYCiRJoSGs3U3xM5jpWaxKHpjLEeqUVvKv7n9TMdXfk5E2mmqSDzRVHGkU7QNAc0YJISzSeGYCKZuRWREZaYaJNW1YTgLr68TDrnDddpuHcX9eZ1GUcFjuAYTsGFS2jCLbSgDQQe4Rle4c16sl6sd+tj3rpilTOH8AfW5w/flJO7</latexit><latexit sha1_base64="JSeCsFOtPBBBDhufhN0ziBuHBEw=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwYklE0GPRi8cK9gOaEDbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvTDlT2nG+rZXVtfWNzcpWdXtnd2/frh10VJJJQtsk4YnshVhRzgRta6Y57aWS4jjktBuOb6Z+94FKxRJxrycp9WM8FCxiBGsjBXbNG2Gde2GEVBHk7MwtArvuNJwZ0DJxS1KHEq3A/vIGCcliKjThWKm+66Taz7HUjHBaVL1M0RSTMR7SvqECx1T5+ez0Ap0YZYCiRJoSGs3U3xM5jpWaxKHpjLEeqUVvKv7n9TMdXfk5E2mmqSDzRVHGkU7QNAc0YJISzSeGYCKZuRWREZaYaJNW1YTgLr68TDrnDddpuHcX9eZ1GUcFjuAYTsGFS2jCLbSgDQQe4Rle4c16sl6sd+tj3rpilTOH8AfW5w/flJO7</latexit><latexit sha1_base64="JSeCsFOtPBBBDhufhN0ziBuHBEw=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwYklE0GPRi8cK9gOaEDbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvTDlT2nG+rZXVtfWNzcpWdXtnd2/frh10VJJJQtsk4YnshVhRzgRta6Y57aWS4jjktBuOb6Z+94FKxRJxrycp9WM8FCxiBGsjBXbNG2Gde2GEVBHk7MwtArvuNJwZ0DJxS1KHEq3A/vIGCcliKjThWKm+66Taz7HUjHBaVL1M0RSTMR7SvqECx1T5+ez0Ap0YZYCiRJoSGs3U3xM5jpWaxKHpjLEeqUVvKv7n9TMdXfk5E2mmqSDzRVHGkU7QNAc0YJISzSeGYCKZuRWREZaYaJNW1YTgLr68TDrnDddpuHcX9eZ1GUcFjuAYTsGFS2jCLbSgDQQe4Rle4c16sl6sd+tj3rpilTOH8AfW5w/flJO7</latexit>

ŝi
<latexit sha1_base64="BVYbuTg8mRTIe5yM1jLCejKFEuw=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq5L4rLuiG5cVbCt0hiGTZtrQzIMkI9RhvsSNC0Xc+inu/BvT6QgqeuDC4Zx7ufcePxFcaYQ+rMrC4tLySnW1tra+sVm3t7Z7Kk4lZV0ai1je+kQxwSPW1VwLdptIRkJfsL4/uZz5/TsmFY+jGz1NmBuSUcQDTok2kmfXnTHRmeMHUOVexnPPbqDmCcLnpwiiJipQkBY+whCXSgOU6Hj2uzOMaRqySFNBlBpglGg3I1JzKlhec1LFEkInZMQGhkYkZMrNisNzuG+UIQxiaSrSsFC/T2QkVGoa+qYzJHqsfnsz8S9vkOqg5WY8SlLNIjpfFKQC6hjOUoBDLhnVYmoIoZKbWyEdE0moNlnVTAhfn8L/Se+wiVETXx832hdlHFWwC/bAAcDgDLTBFeiALqAgBQ/gCTxb99aj9WK9zlsrVjmzA37AevsELLSTaw==</latexit><latexit sha1_base64="BVYbuTg8mRTIe5yM1jLCejKFEuw=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq5L4rLuiG5cVbCt0hiGTZtrQzIMkI9RhvsSNC0Xc+inu/BvT6QgqeuDC4Zx7ufcePxFcaYQ+rMrC4tLySnW1tra+sVm3t7Z7Kk4lZV0ai1je+kQxwSPW1VwLdptIRkJfsL4/uZz5/TsmFY+jGz1NmBuSUcQDTok2kmfXnTHRmeMHUOVexnPPbqDmCcLnpwiiJipQkBY+whCXSgOU6Hj2uzOMaRqySFNBlBpglGg3I1JzKlhec1LFEkInZMQGhkYkZMrNisNzuG+UIQxiaSrSsFC/T2QkVGoa+qYzJHqsfnsz8S9vkOqg5WY8SlLNIjpfFKQC6hjOUoBDLhnVYmoIoZKbWyEdE0moNlnVTAhfn8L/Se+wiVETXx832hdlHFWwC/bAAcDgDLTBFeiALqAgBQ/gCTxb99aj9WK9zlsrVjmzA37AevsELLSTaw==</latexit><latexit sha1_base64="BVYbuTg8mRTIe5yM1jLCejKFEuw=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq5L4rLuiG5cVbCt0hiGTZtrQzIMkI9RhvsSNC0Xc+inu/BvT6QgqeuDC4Zx7ufcePxFcaYQ+rMrC4tLySnW1tra+sVm3t7Z7Kk4lZV0ai1je+kQxwSPW1VwLdptIRkJfsL4/uZz5/TsmFY+jGz1NmBuSUcQDTok2kmfXnTHRmeMHUOVexnPPbqDmCcLnpwiiJipQkBY+whCXSgOU6Hj2uzOMaRqySFNBlBpglGg3I1JzKlhec1LFEkInZMQGhkYkZMrNisNzuG+UIQxiaSrSsFC/T2QkVGoa+qYzJHqsfnsz8S9vkOqg5WY8SlLNIjpfFKQC6hjOUoBDLhnVYmoIoZKbWyEdE0moNlnVTAhfn8L/Se+wiVETXx832hdlHFWwC/bAAcDgDLTBFeiALqAgBQ/gCTxb99aj9WK9zlsrVjmzA37AevsELLSTaw==</latexit><latexit sha1_base64="BVYbuTg8mRTIe5yM1jLCejKFEuw=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq5L4rLuiG5cVbCt0hiGTZtrQzIMkI9RhvsSNC0Xc+inu/BvT6QgqeuDC4Zx7ufcePxFcaYQ+rMrC4tLySnW1tra+sVm3t7Z7Kk4lZV0ai1je+kQxwSPW1VwLdptIRkJfsL4/uZz5/TsmFY+jGz1NmBuSUcQDTok2kmfXnTHRmeMHUOVexnPPbqDmCcLnpwiiJipQkBY+whCXSgOU6Hj2uzOMaRqySFNBlBpglGg3I1JzKlhec1LFEkInZMQGhkYkZMrNisNzuG+UIQxiaSrSsFC/T2QkVGoa+qYzJHqsfnsz8S9vkOqg5WY8SlLNIjpfFKQC6hjOUoBDLhnVYmoIoZKbWyEdE0moNlnVTAhfn8L/Se+wiVETXx832hdlHFWwC/bAAcDgDLTBFeiALqAgBQ/gCTxb99aj9WK9zlsrVjmzA37AevsELLSTaw==</latexit>

�
<latexit sha1_base64="GSbb3S4yzDl5YXQFsQHacLzkEkA=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwVRLxuSu6cVnBPiAJZTKdtEMnM2HmRiihn+HGhSJu/Rp3/o3TNkIVPXDhcM693HtPlApuwHU/ndLS8srqWnm9srG5tb1T3d1rG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtHoZup3Hpg2XMl7GKcsTMhA8phTAlby8yCKcRAxIJNetebW3RnwAjlzvatzD3uFUkMFmr3qR9BXNEuYBCqIMb7nphDmRAOngk0qQWZYSuiIDJhvqSQJM2E+O3mCj6zSx7HStiTgmbo4kZPEmHES2c6EwND89qbiX56fQXwZ5lymGTBJ54viTGBQePo/7nPNKIixJYRqbm/FdEg0oWBTqtgQvj/F/5P2Sd1z697daa1xXcRRRgfoEB0jD12gBrpFTdRCFCn0iJ7RiwPOk/PqvM1bS04xs49+wHn/AjRhkTI=</latexit><latexit sha1_base64="GSbb3S4yzDl5YXQFsQHacLzkEkA=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwVRLxuSu6cVnBPiAJZTKdtEMnM2HmRiihn+HGhSJu/Rp3/o3TNkIVPXDhcM693HtPlApuwHU/ndLS8srqWnm9srG5tb1T3d1rG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtHoZup3Hpg2XMl7GKcsTMhA8phTAlby8yCKcRAxIJNetebW3RnwAjlzvatzD3uFUkMFmr3qR9BXNEuYBCqIMb7nphDmRAOngk0qQWZYSuiIDJhvqSQJM2E+O3mCj6zSx7HStiTgmbo4kZPEmHES2c6EwND89qbiX56fQXwZ5lymGTBJ54viTGBQePo/7nPNKIixJYRqbm/FdEg0oWBTqtgQvj/F/5P2Sd1z697daa1xXcRRRgfoEB0jD12gBrpFTdRCFCn0iJ7RiwPOk/PqvM1bS04xs49+wHn/AjRhkTI=</latexit><latexit sha1_base64="GSbb3S4yzDl5YXQFsQHacLzkEkA=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwVRLxuSu6cVnBPiAJZTKdtEMnM2HmRiihn+HGhSJu/Rp3/o3TNkIVPXDhcM693HtPlApuwHU/ndLS8srqWnm9srG5tb1T3d1rG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtHoZup3Hpg2XMl7GKcsTMhA8phTAlby8yCKcRAxIJNetebW3RnwAjlzvatzD3uFUkMFmr3qR9BXNEuYBCqIMb7nphDmRAOngk0qQWZYSuiIDJhvqSQJM2E+O3mCj6zSx7HStiTgmbo4kZPEmHES2c6EwND89qbiX56fQXwZ5lymGTBJ54viTGBQePo/7nPNKIixJYRqbm/FdEg0oWBTqtgQvj/F/5P2Sd1z697daa1xXcRRRgfoEB0jD12gBrpFTdRCFCn0iJ7RiwPOk/PqvM1bS04xs49+wHn/AjRhkTI=</latexit><latexit sha1_base64="GSbb3S4yzDl5YXQFsQHacLzkEkA=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwVRLxuSu6cVnBPiAJZTKdtEMnM2HmRiihn+HGhSJu/Rp3/o3TNkIVPXDhcM693HtPlApuwHU/ndLS8srqWnm9srG5tb1T3d1rG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtHoZup3Hpg2XMl7GKcsTMhA8phTAlby8yCKcRAxIJNetebW3RnwAjlzvatzD3uFUkMFmr3qR9BXNEuYBCqIMb7nphDmRAOngk0qQWZYSuiIDJhvqSQJM2E+O3mCj6zSx7HStiTgmbo4kZPEmHES2c6EwND89qbiX56fQXwZ5lymGTBJ54viTGBQePo/7nPNKIixJYRqbm/FdEg0oWBTqtgQvj/F/5P2Sd1z697daa1xXcRRRgfoEB0jD12gBrpFTdRCFCn0iJ7RiwPOk/PqvM1bS04xs49+wHn/AjRhkTI=</latexit>

kŝi � sik
<latexit sha1_base64="wAc18a6DlKNb5SX/NWUvXa/3rGE=">AAACBnicdVDLSgMxFM3UV62vqksRgkVw45D4rLuiG5cV7AM6ZcikmTY08yDJCGU6Kzf+ihsXirj1G9z5N6YvUNEDFw7n3Mu993ix4Eoj9Gnl5uYXFpfyy4WV1bX1jeLmVl1FiaSsRiMRyaZHFBM8ZDXNtWDNWDISeII1vP7VyG/cMal4FN7qQczaAemG3OeUaCO5xV1n6PSITh3PhypzU54dzjh3hm6xhOxThC/OEEQ2GmNMyvgYQzxVSmCKqlv8cDoRTQIWaiqIUi2MYt1OidScCpYVnESxmNA+6bKWoSEJmGqn4zcyuG+UDvQjaSrUcKx+n0hJoNQg8ExnQHRP/fZG4l9eK9F+uZ3yME40C+lkkZ8IqCM4ygR2uGRUi4EhhEpuboW0RySh2iRXMCHMPoX/k/qRjZGNb05KlctpHHmwA/bAAcDgHFTANaiCGqDgHjyCZ/BiPVhP1qv1NmnNWdOZbfAD1vsXv5eZSw==</latexit><latexit sha1_base64="wAc18a6DlKNb5SX/NWUvXa/3rGE=">AAACBnicdVDLSgMxFM3UV62vqksRgkVw45D4rLuiG5cV7AM6ZcikmTY08yDJCGU6Kzf+ihsXirj1G9z5N6YvUNEDFw7n3Mu993ix4Eoj9Gnl5uYXFpfyy4WV1bX1jeLmVl1FiaSsRiMRyaZHFBM8ZDXNtWDNWDISeII1vP7VyG/cMal4FN7qQczaAemG3OeUaCO5xV1n6PSITh3PhypzU54dzjh3hm6xhOxThC/OEEQ2GmNMyvgYQzxVSmCKqlv8cDoRTQIWaiqIUi2MYt1OidScCpYVnESxmNA+6bKWoSEJmGqn4zcyuG+UDvQjaSrUcKx+n0hJoNQg8ExnQHRP/fZG4l9eK9F+uZ3yME40C+lkkZ8IqCM4ygR2uGRUi4EhhEpuboW0RySh2iRXMCHMPoX/k/qRjZGNb05KlctpHHmwA/bAAcDgHFTANaiCGqDgHjyCZ/BiPVhP1qv1NmnNWdOZbfAD1vsXv5eZSw==</latexit><latexit sha1_base64="wAc18a6DlKNb5SX/NWUvXa/3rGE=">AAACBnicdVDLSgMxFM3UV62vqksRgkVw45D4rLuiG5cV7AM6ZcikmTY08yDJCGU6Kzf+ihsXirj1G9z5N6YvUNEDFw7n3Mu993ix4Eoj9Gnl5uYXFpfyy4WV1bX1jeLmVl1FiaSsRiMRyaZHFBM8ZDXNtWDNWDISeII1vP7VyG/cMal4FN7qQczaAemG3OeUaCO5xV1n6PSITh3PhypzU54dzjh3hm6xhOxThC/OEEQ2GmNMyvgYQzxVSmCKqlv8cDoRTQIWaiqIUi2MYt1OidScCpYVnESxmNA+6bKWoSEJmGqn4zcyuG+UDvQjaSrUcKx+n0hJoNQg8ExnQHRP/fZG4l9eK9F+uZ3yME40C+lkkZ8IqCM4ygR2uGRUi4EhhEpuboW0RySh2iRXMCHMPoX/k/qRjZGNb05KlctpHHmwA/bAAcDgHFTANaiCGqDgHjyCZ/BiPVhP1qv1NmnNWdOZbfAD1vsXv5eZSw==</latexit><latexit sha1_base64="wAc18a6DlKNb5SX/NWUvXa/3rGE=">AAACBnicdVDLSgMxFM3UV62vqksRgkVw45D4rLuiG5cV7AM6ZcikmTY08yDJCGU6Kzf+ihsXirj1G9z5N6YvUNEDFw7n3Mu993ix4Eoj9Gnl5uYXFpfyy4WV1bX1jeLmVl1FiaSsRiMRyaZHFBM8ZDXNtWDNWDISeII1vP7VyG/cMal4FN7qQczaAemG3OeUaCO5xV1n6PSITh3PhypzU54dzjh3hm6xhOxThC/OEEQ2GmNMyvgYQzxVSmCKqlv8cDoRTQIWaiqIUi2MYt1OidScCpYVnESxmNA+6bKWoSEJmGqn4zcyuG+UDvQjaSrUcKx+n0hJoNQg8ExnQHRP/fZG4l9eK9F+uZ3yME40C+lkkZ8IqCM4ygR2uGRUi4EhhEpuboW0RySh2iRXMCHMPoX/k/qRjZGNb05KlctpHHmwA/bAAcDgHFTANaiCGqDgHjyCZ/BiPVhP1qv1NmnNWdOZbfAD1vsXv5eZSw==</latexit>

kŷt � ytk
<latexit sha1_base64="Icd4nwiq0EdUmeyZo26xontnsS8=">AAACAHicdZDLSgMxFIYz9VbrbdSFCzfBIrixZKTWdld047KCvUCnlEyatqGZC8kZoUxn46u4caGIWx/DnW9jehFU9EDIz/efQ3J+L5JCAyEfVmZpeWV1Lbue29jc2t6xd/caOowV43UWylC1PKq5FAGvgwDJW5Hi1Pckb3qjq6nfvONKizC4hXHEOz4dBKIvGAWDuvaBO3GHFJJx2k0gPV3c7qRr50nhnDiVUgmTAiFOsewYUamUDcSOIdPKo0XVuva72wtZ7PMAmKRatx0SQSehCgSTPM25seYRZSM64G0jA+pz3UlmC6T42JAe7ofKnADwjH6fSKiv9dj3TKdPYah/e1P4l9eOoV/uJCKIYuABmz/UjyWGEE/TwD2hOAM5NoIyJcxfMRtSRRmYzHImhK9N8f+icVZwSMG5Kearl4s4sugQHaET5KALVEXXqIbqiKEUPaAn9GzdW4/Wi/U6b81Yi5l99KOst0+5dZfI</latexit><latexit sha1_base64="Icd4nwiq0EdUmeyZo26xontnsS8=">AAACAHicdZDLSgMxFIYz9VbrbdSFCzfBIrixZKTWdld047KCvUCnlEyatqGZC8kZoUxn46u4caGIWx/DnW9jehFU9EDIz/efQ3J+L5JCAyEfVmZpeWV1Lbue29jc2t6xd/caOowV43UWylC1PKq5FAGvgwDJW5Hi1Pckb3qjq6nfvONKizC4hXHEOz4dBKIvGAWDuvaBO3GHFJJx2k0gPV3c7qRr50nhnDiVUgmTAiFOsewYUamUDcSOIdPKo0XVuva72wtZ7PMAmKRatx0SQSehCgSTPM25seYRZSM64G0jA+pz3UlmC6T42JAe7ofKnADwjH6fSKiv9dj3TKdPYah/e1P4l9eOoV/uJCKIYuABmz/UjyWGEE/TwD2hOAM5NoIyJcxfMRtSRRmYzHImhK9N8f+icVZwSMG5Kearl4s4sugQHaET5KALVEXXqIbqiKEUPaAn9GzdW4/Wi/U6b81Yi5l99KOst0+5dZfI</latexit><latexit sha1_base64="Icd4nwiq0EdUmeyZo26xontnsS8=">AAACAHicdZDLSgMxFIYz9VbrbdSFCzfBIrixZKTWdld047KCvUCnlEyatqGZC8kZoUxn46u4caGIWx/DnW9jehFU9EDIz/efQ3J+L5JCAyEfVmZpeWV1Lbue29jc2t6xd/caOowV43UWylC1PKq5FAGvgwDJW5Hi1Pckb3qjq6nfvONKizC4hXHEOz4dBKIvGAWDuvaBO3GHFJJx2k0gPV3c7qRr50nhnDiVUgmTAiFOsewYUamUDcSOIdPKo0XVuva72wtZ7PMAmKRatx0SQSehCgSTPM25seYRZSM64G0jA+pz3UlmC6T42JAe7ofKnADwjH6fSKiv9dj3TKdPYah/e1P4l9eOoV/uJCKIYuABmz/UjyWGEE/TwD2hOAM5NoIyJcxfMRtSRRmYzHImhK9N8f+icVZwSMG5Kearl4s4sugQHaET5KALVEXXqIbqiKEUPaAn9GzdW4/Wi/U6b81Yi5l99KOst0+5dZfI</latexit><latexit sha1_base64="Icd4nwiq0EdUmeyZo26xontnsS8=">AAACAHicdZDLSgMxFIYz9VbrbdSFCzfBIrixZKTWdld047KCvUCnlEyatqGZC8kZoUxn46u4caGIWx/DnW9jehFU9EDIz/efQ3J+L5JCAyEfVmZpeWV1Lbue29jc2t6xd/caOowV43UWylC1PKq5FAGvgwDJW5Hi1Pckb3qjq6nfvONKizC4hXHEOz4dBKIvGAWDuvaBO3GHFJJx2k0gPV3c7qRr50nhnDiVUgmTAiFOsewYUamUDcSOIdPKo0XVuva72wtZ7PMAmKRatx0SQSehCgSTPM25seYRZSM64G0jA+pz3UlmC6T42JAe7ofKnADwjH6fSKiv9dj3TKdPYah/e1P4l9eOoV/uJCKIYuABmz/UjyWGEE/TwD2hOAM5NoIyJcxfMRtSRRmYzHImhK9N8f+icVZwSMG5Kearl4s4sugQHaET5KALVEXXqIbqiKEUPaAn9GzdW4/Wi/U6b81Yi5l99KOst0+5dZfI</latexit>

ŷi
<latexit sha1_base64="/Xop+/OYGFWdjBzcEKp21mLxzeQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFWwttKJvtpl262Q27EyGE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTAQ36HnfTmVtfWNzq7pd29nd2z+oHx51jUo1ZR2qhNK9kBgmuGQd5ChYL9GMxKFgj+H0duY/PjFtuJIPmCUsiMlY8ohTglbqDyYE86wY5rwY1hte05vDXSV+SRpQoj2sfw1GiqYxk0gFMabvewkGOdHIqWBFbZAalhA6JWPWt1SSmJkgn59cuGdWGbmR0rYkunP190ROYmOyOLSdMcGJWfZm4n9eP8XoOsi5TFJkki4WRalwUbmz/90R14yiyCwhVHN7q0snRBOKNqWaDcFffnmVdC+avtf07y8brZsyjiqcwCmcgw9X0II7aEMHKCh4hld4c9B5cd6dj0VrxSlnjuEPnM8f+16Rsg==</latexit><latexit sha1_base64="/Xop+/OYGFWdjBzcEKp21mLxzeQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFWwttKJvtpl262Q27EyGE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTAQ36HnfTmVtfWNzq7pd29nd2z+oHx51jUo1ZR2qhNK9kBgmuGQd5ChYL9GMxKFgj+H0duY/PjFtuJIPmCUsiMlY8ohTglbqDyYE86wY5rwY1hte05vDXSV+SRpQoj2sfw1GiqYxk0gFMabvewkGOdHIqWBFbZAalhA6JWPWt1SSmJkgn59cuGdWGbmR0rYkunP190ROYmOyOLSdMcGJWfZm4n9eP8XoOsi5TFJkki4WRalwUbmz/90R14yiyCwhVHN7q0snRBOKNqWaDcFffnmVdC+avtf07y8brZsyjiqcwCmcgw9X0II7aEMHKCh4hld4c9B5cd6dj0VrxSlnjuEPnM8f+16Rsg==</latexit><latexit sha1_base64="/Xop+/OYGFWdjBzcEKp21mLxzeQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFWwttKJvtpl262Q27EyGE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTAQ36HnfTmVtfWNzq7pd29nd2z+oHx51jUo1ZR2qhNK9kBgmuGQd5ChYL9GMxKFgj+H0duY/PjFtuJIPmCUsiMlY8ohTglbqDyYE86wY5rwY1hte05vDXSV+SRpQoj2sfw1GiqYxk0gFMabvewkGOdHIqWBFbZAalhA6JWPWt1SSmJkgn59cuGdWGbmR0rYkunP190ROYmOyOLSdMcGJWfZm4n9eP8XoOsi5TFJkki4WRalwUbmz/90R14yiyCwhVHN7q0snRBOKNqWaDcFffnmVdC+avtf07y8brZsyjiqcwCmcgw9X0II7aEMHKCh4hld4c9B5cd6dj0VrxSlnjuEPnM8f+16Rsg==</latexit><latexit sha1_base64="/Xop+/OYGFWdjBzcEKp21mLxzeQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFWwttKJvtpl262Q27EyGE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTAQ36HnfTmVtfWNzq7pd29nd2z+oHx51jUo1ZR2qhNK9kBgmuGQd5ChYL9GMxKFgj+H0duY/PjFtuJIPmCUsiMlY8ohTglbqDyYE86wY5rwY1hte05vDXSV+SRpQoj2sfw1GiqYxk0gFMabvewkGOdHIqWBFbZAalhA6JWPWt1SSmJkgn59cuGdWGbmR0rYkunP190ROYmOyOLSdMcGJWfZm4n9eP8XoOsi5TFJkki4WRalwUbmz/90R14yiyCwhVHN7q0snRBOKNqWaDcFffnmVdC+avtf07y8brZsyjiqcwCmcgw9X0II7aEMHKCh4hld4c9B5cd6dj0VrxSlnjuEPnM8f+16Rsg==</latexit>

si
<latexit sha1_base64="gHZkvg1l0tRJl4g0YajmfnbQDnM=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GhKfdVd047KCfUg7lEyaaUOTzJBkhDL0K9y4UMStn+POvzGdVlDRAxcO59zLvfeEieDGIvThFRYWl5ZXiqultfWNza3y9k7TxKmmrEFjEet2SAwTXLGG5VawdqIZkaFgrXB0NfVb90wbHqtbO05YIMlA8YhTYp10l3XDCJpJj/fKFeSfInxxhiDyUY6cVPExhniuVMAc9V75vduPaSqZslQQYzoYJTbIiLacCjYpdVPDEkJHZMA6jioimQmy/OAJPHBKH0axdqUszNXvExmRxoxl6DolsUPz25uKf3md1EbVIOMqSS1TdLYoSgW0MZx+D/tcM2rF2BFCNXe3QjokmlDrMiq5EL4+hf+T5pGPkY9vTiq1y3kcRbAH9sEhwOAc1MA1qIMGoECCB/AEnj3tPXov3uusteDNZ3bBD3hvn9e4kG0=</latexit><latexit sha1_base64="gHZkvg1l0tRJl4g0YajmfnbQDnM=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GhKfdVd047KCfUg7lEyaaUOTzJBkhDL0K9y4UMStn+POvzGdVlDRAxcO59zLvfeEieDGIvThFRYWl5ZXiqultfWNza3y9k7TxKmmrEFjEet2SAwTXLGG5VawdqIZkaFgrXB0NfVb90wbHqtbO05YIMlA8YhTYp10l3XDCJpJj/fKFeSfInxxhiDyUY6cVPExhniuVMAc9V75vduPaSqZslQQYzoYJTbIiLacCjYpdVPDEkJHZMA6jioimQmy/OAJPHBKH0axdqUszNXvExmRxoxl6DolsUPz25uKf3md1EbVIOMqSS1TdLYoSgW0MZx+D/tcM2rF2BFCNXe3QjokmlDrMiq5EL4+hf+T5pGPkY9vTiq1y3kcRbAH9sEhwOAc1MA1qIMGoECCB/AEnj3tPXov3uusteDNZ3bBD3hvn9e4kG0=</latexit><latexit sha1_base64="gHZkvg1l0tRJl4g0YajmfnbQDnM=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GhKfdVd047KCfUg7lEyaaUOTzJBkhDL0K9y4UMStn+POvzGdVlDRAxcO59zLvfeEieDGIvThFRYWl5ZXiqultfWNza3y9k7TxKmmrEFjEet2SAwTXLGG5VawdqIZkaFgrXB0NfVb90wbHqtbO05YIMlA8YhTYp10l3XDCJpJj/fKFeSfInxxhiDyUY6cVPExhniuVMAc9V75vduPaSqZslQQYzoYJTbIiLacCjYpdVPDEkJHZMA6jioimQmy/OAJPHBKH0axdqUszNXvExmRxoxl6DolsUPz25uKf3md1EbVIOMqSS1TdLYoSgW0MZx+D/tcM2rF2BFCNXe3QjokmlDrMiq5EL4+hf+T5pGPkY9vTiq1y3kcRbAH9sEhwOAc1MA1qIMGoECCB/AEnj3tPXov3uusteDNZ3bBD3hvn9e4kG0=</latexit><latexit sha1_base64="gHZkvg1l0tRJl4g0YajmfnbQDnM=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GhKfdVd047KCfUg7lEyaaUOTzJBkhDL0K9y4UMStn+POvzGdVlDRAxcO59zLvfeEieDGIvThFRYWl5ZXiqultfWNza3y9k7TxKmmrEFjEet2SAwTXLGG5VawdqIZkaFgrXB0NfVb90wbHqtbO05YIMlA8YhTYp10l3XDCJpJj/fKFeSfInxxhiDyUY6cVPExhniuVMAc9V75vduPaSqZslQQYzoYJTbIiLacCjYpdVPDEkJHZMA6jioimQmy/OAJPHBKH0axdqUszNXvExmRxoxl6DolsUPz25uKf3md1EbVIOMqSS1TdLYoSgW0MZx+D/tcM2rF2BFCNXe3QjokmlDrMiq5EL4+hf+T5pGPkY9vTiq1y3kcRbAH9sEhwOAc1MA1qIMGoECCB/AEnj3tPXov3uusteDNZ3bBD3hvn9e4kG0=</latexit>

{st�n,ot�n+1, yt�n+1, ...si�T ,oi�t+1, yi�t+1, ..., si,oi+1, yi+1..., st}
<latexit sha1_base64="m/Q7H05qLZNoTrbvZVkqR+N65Yk="></latexit><latexit sha1_base64="m/Q7H05qLZNoTrbvZVkqR+N65Yk="></latexit><latexit sha1_base64="m/Q7H05qLZNoTrbvZVkqR+N65Yk="></latexit><latexit sha1_base64="m/Q7H05qLZNoTrbvZVkqR+N65Yk="></latexit>

buffer
(after update)

{st�n,ot�n+1, yt�n+1, st�n+1,ot�n+2, yt�n+2, ..., si, ..., st�1,ot, yt, st}
<latexit sha1_base64="Uj3wBg6A2hH2LRh+pHuwL90ApTQ="></latexit><latexit sha1_base64="Uj3wBg6A2hH2LRh+pHuwL90ApTQ="></latexit><latexit sha1_base64="Uj3wBg6A2hH2LRh+pHuwL90ApTQ="></latexit><latexit sha1_base64="Uj3wBg6A2hH2LRh+pHuwL90ApTQ="></latexit>

buffer
(before update)

sample

Step 1: Sample a trajectory of length T

Step 2: Compute the objective, 
backprop T-steps back in time

Step 3: Update state variables in the buffer

Use a replay buffer to keep transitions





Theoretical Results
• Key result 1: Convergence of FPP to a stationary point for a 

fixed buffer (Theorem 1)  FPP is a sound strategy for 
using replay buffer to train RNNs 

• Key result 2: Recovering RNN solutions when 
(Theorem 2)  Our reformulation has not changed the 
solution. 

• *Results rely on results for auxiliary variables in optimization 
and results using auxiliary variables for neural networks

⟹

λ → ∞
⟹



Experimental Results

• Simulation Datasets: CycleWorld, StochasticWorld 

• Real Datasets: Sequential MNIST, PTB, WikiText-2 

• Compare FPP, T-BPTT, non-overlap T-BPTT, UORO with varying T  
(Figure 2 and 3) 

• Key result 1: FPP is robust to T 

• Compare FPP and FPP without state updating (Figure 4) 

• Key result 2: FPP can take advantage of multiple updates and 
mini-batch updates

0 0 0 1

p states in the chain
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

…



CycleWorld

Early Learning

(2.5k steps)

Learning with more data

(15k steps)



Comparison with other Algorithms

CycleWorld Stochastic Dataset



Multiple & Batch Updates



Thank you!

• We introduced a new objective to explicitly learn state 
variables for RNNs, which breaks gradient dependence back 
in time.  

• We theoretically showed the approach is sound and 
empirically demonstrated improved training robustness. 

• FPP could be a promising direction for robustly training 
RNNs, without the need to compute or approximate long 
gradients back in time.


